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QUANTUM SEMIGROUPS GENERATED BY LOCALLY 
COMPACT SEMIGROUPS 

M.A. AUKHADIEV, YU.N. KUZNETSOVA 


Abstract. Let S' be a subsemigroup of a locally compact group G, such 
that S~^S = G. We consider the G*-algebra G^(S) generated by the 
operators of translation by all elements of S in L^(S). We show that 
this algebra admits a comultiplication which turns it into a compact 
quantum semigroup. For S with nonempty interior, this comultiplica¬ 
tion can be extended to the von Neumann algebra VN{S) generated by 

C|(5). 


1. Introduction 

The notion of a quantum semigroup, as a C*- or von Neumann algebra 
with a comultiplication, appeared well before the term and before the notion 
of a locally compact quantum group. But it is especially these last years that 
substantial examples of quantum semigroups are considered; we would like 
to mention families of maps on finite quantum spaces quantum semi¬ 
groups of quantum partial permutations [3] , quantum weakly almost periodic 
functionals [9] , quantum Bohr compactifications [161 HI] • 

In this article we construct a rather “classical” family of compact quan¬ 
tum semigroups, which are associated to sub-semigroups of locally compact 
groups. The interest of our objects is in fact that they provide natural ex¬ 
amples of C*-bialgebras which are co-commutative and are not however duals 
of functions algebras. Recall that the classical examples of quantum groups 
belong to one of the two following types: they are either function algebras, 
such as the algebra Co{G) of continuous functions vanishing at infinity on a lo¬ 
cally compact group G, or their duals, such as the reduced group G*-algebras 
C*(G). In the semigroup situation one can go beyond this dichotomy. 

If S' is a discrete semigroup, then the algebra G|(S) which we consider 
coincides with the reduced semigroup G*-algebra C* (S) which has been known 
since long ago [i 131 [ini Hi]. If S = G is a locally compact group, then 
G|(S) = G|(G) is the G*-algebra generated by all left translation operators 
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in B{L'^{G)) [121 S]. If G is moreover abelian, then G|(G) equals to the 
algebra C{Gd) of continuous functions on the dual of the discrete group Gd 

m- 

The new case considered in this paper concerns non-discrete nontrivial 
subsemigroups of locally compact groups, and our objective is to show that 
they admit a natural coalgebra structure. Let G be a locally compact group, 
and let S be its sub-semigroup such that S~^S = G. Set Hs = {f £ L‘^{G) : 
supp/ C S'}; let Es be the orthogonal projection of L'^{G) onto Hs and let 
Js be the right inverse of Es, so that EsJs = Id/Zg. After the study of 
semigroup ideals in Section 2, in Section 3 we define G|(S) as the G*-algebra 
generated in B{Hs) by the operators Ta = EsLaJs over all a £ S, where 
La is the operator of the left translation by a on L^{G). In Section 4 we 
show that G|(S) admits a comultuplication A such that A(Ta) = Ta ® Ta. 
The same facts are derived in parallel for the universal semigroup G*-algebra 
G*(S) defined axiomatically via defining relations. 

In the discrete case, the construction was carried out by X. Li (TB] (see also 
[5]). The discrete abelian case was studied in detail in [T]. 

In Section 5, we show that for S with nonempty interior, the comultipli¬ 
cation can be extended to the von Neumann algebra VN{S) generated by 
Cg{S) in B{Hs). In the case S = G, this is the classical group von Neumann 
algebra. We can thus call VN{S) the semigroup von Neumann algebra. 

2. Semigroup ideals 

Let G be a locally compact group, S a closed subsemigroup of G containing 
the identity e of G and such that G = S~^S. Denote by /r the left Haar 
measure on G. 

For any subset X C S and any p £ S, define the translations in S: 

(2.1) pX = {pq: q £ X}, p~^X = {q £ S: pq £ X}. 

Obviously, pS is a right ideal in S, eS = e~^S = S and p~^S = S for any 
p £ S. For the usual translations in G, we use the notation g -qX = {gh : h £ 
Gj, so that p~^X = S -a X. It is also easy to see that p{qX) = {pq)X 
and p~^{q~^X) = {qp)~^X for any X C S and all p,q £ S. We will omit 
parentheses in the products of this type. Moreover, p~^pX = X, but in 
general, the products pq~^ or p~^q should be viewed purely formally, and 
pp~^X might differ from X (see, for example, Lemma [221) • 

More precisely, denote by T = E{S) the free monoid generated by S and 
S~^ \ S. Any element in T is a finite word with alternating symbols in S and 
S~^. The operation of taking inverse in G induces the operation w i— w~^ 
on the monoid T, by • • -Pa^) = • • -pf 

For every w = pf^ ■ ■ - pt^ £ T and X C S, define by induction wX = 
pf ^{... (pj}^X)...). If X = S', then wS is a right ideal in S. Define the 
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family of all constructible right ideals in S m- 

n 

J = {f]w^S:w^€F}U{(D}. 

Suppose that w G F has the form w = qiP 2 ^ <12 ■ ■ - Pn^Qn with pj,qj € S', 
maybe with pi = e or = e. Then it follows from the definition that wS is 
the set of elements x satisfying 

X = Pi^qi ■ ■ - Pn^qnrn+i, 

(2.2) where r„+i G S and 

rk = Pk^qk ■ ■ .p~^qnrn+i G S for all fc = 1,...,n. 

Define a homomorphism F ^ G: w i—>■ {w)g, by (p^^)g = P^^ for p G S. 
We fix also an injection i : G ^ F which might not be a homomorphism: 
for any element g G G we fix one of its representations g = p~^q and set 
i{g) = p~^q G F. The notation gX, where g G G and X C S, is understood 
in the sense gX = i{g)X. 

Lemma 2.1. For any wi,W 2 G F, we have W 1 W 2 S C wiS. 

Proof. Follows immediately from the facts that pS C S,p~^S = S for any 
pGS. □ 

Lemma 2.2. For any w G F, wS = ww~^S. 

Proof. We can assume that w has the form w = pf^qipf^q 2 ■ ■ - Pn^q-a with 
Pj, qj G S, maybe with pi = e or = e. Then every x G wS has the form 
(I2.2[) with Vn+i G S and rk = pf^qk • ■ ■ Pn^qnrn+i G S for all /c = 1,...,n. 

Now write x = In this product, x G 

S and Vk+i = q^ pk.-.qi PiX G S for k = l,...,n, as well as rk = 
Pk^qk ■ ■ .pf^qnqn^Pn ■ ■ - qf^Pix G S ioT k = 1,..., n. It follows that x G 
ww~^S, so wS C ww~^S. The inverse inclusion follows from Lemma l2.II □ 

Lemma 2.3. Let a word w G F have the form w = W 1 W 2 , where wi,W 2 G F. 
Then wS = wiS fl {wi)gW 2 S. 

Proof Suppose Wi = pf^qipf^q 2 ...p~^qi, W 2 = p~^^qi+ip~^ 2 <li +2 ■ ■ ■ Pn^qn 
with Pj,qj G S. Then every x G wS satisfies (12.21) . This implies directly that 
X G wiS. If we denote {wi)g = P~^q, P,q G S, then in the notations (12.21) we 
have also x = p~^qri+i what implies that x G p~^qw 2 S = wS. 

Conversely, if wS = wiS ("I {wi)gW 2 S, then 

X = Pf^qipf^q2 . ■ -pf^qir'.+i, 
t'+i G 5, r'^= p~^qk .. -Pf^qF^ G S tor k = I,... ,i, 

and 

X = p~'^qp~^^qi+iP~+2T+2 ■ ..p~^qnrn+i, 
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X e S, Tn+l € S, Tk = Py, ^qk ■ ■ -Pn^qnrn+I G -S' for fc = i + 1, . . . , 71. 

By cancellation, it follows that ■ • -Pn^qnrn+i: thus in 

fact the condition (j2.2l) holds for x. □ 

Corollary 2.4. For any v,w G T, we have vS fl wS = ww~^vS. 

Proof. Since {ww~^)c = e, by Lemmas 12.21 and 12.31 we have 

wS CivS = ww~^S CivS = ww~^S fl {ww~^)ovS = ww~^vS. 

□ 


It follows that 

J = {u-^l TU G i^} U {0}. 

3. The semigroup C*-algebras 

In what follows we assume the following property for S. It X = 
up to a null set for X, Xi,..., Xn G then X = Xj, also up to a null 
set, for some 1 < j < n. We call this property topological independence of 
constructible right ideals in 5, the algebraic one being introduced in [13) . It 
is exactly this property which will guarantee that our comultiplication is well 
defined. Note that the topological independence implies the algebraic one. 

Recall the definition of the full semigroup C*-algebra m- Consider a 
family of isometries {vp\p G S} and a family of projections {ex A G J"} 
satisfying the following relations for any p,q G S, and X,Y G J'. 

(3.1) Vpq = VpVq, VpCxVp = CpX , 

(3.2) es = 1, 60 = 0, exnr = exey . 

The universal C*-algebra C*(S) of the semigroup S is by definition gener¬ 
ated by {vp\p G -S'} \J{ex\X G J\ with the relations above. 

The C'*-algebra C*{S) contains a commutative C*-algebra D{S) generated 
by the family of projections {ex\X G J}. 

Consider the Hilbert space L^{G) with respect to p. For any measurable 
subset X c G set Hx = {/ G Lf{G) : esssupp/ C X}-, this subspace is 
isomorphic to L^{X,p). Let Ix G L^{G) be the characteristic function of 
X and Ex the orthogonal projection of L^{G) onto Hx, which is just the 
multiplication by lx- Let L: G ^ B{L^{G)) be the left regular representation 
of G, i.e. for any a,b G G, f G L'^{G) 

(3.3) {Laf){b) = f{a-^b). 

We define the left regular representation T: S ^ B[Hs) of the semigroup S 
analogously to L. For any a,b G S, / G iLs we set 

(3.4) {Tafm = f { a -^ b ), 
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SO that Tp = EsLpEs; then 

(3.5) {T:f){h)=Is{b)f{ab). 

One can verify that is an isometry, T*Tq = /, and that for any / G Hg 
for a,b G S we have 

{TaT:f){b) = Is{a-^b)f{b). 

Clearly, a~^b G S' if and only if 6 G aS, where aS is a constructible right ideal 
defined in the previous section. Hence the projection TaT* is an operator of 
multiplication by Es- The map T: S —>■ B{Hs) is obviously a representation 
of S. Let C|(S) be the C'*-subalgebra in B{Hg) generated by the operators 
{Ta : a G S}. 

If S = G, then G|(S) = G|(G) is the G*-algebra generated by all left 
translation operators in B{L'^{G)) [Q|4]. If S is discrete, then G|(S) = C*{S) 
is the reduced semigroup G*-algebra m- 

A hnite product of the generators for any a, 6 G S is called a mono¬ 

mial. We will use also the notation T^-i = T*, what does not create confusion 
in the case a~^ G S. Generally, for every w = G T we denote 

Tuj = Tp±i ... Tp±i, and clearly every monomial has this form. 

Lemma 3.1. For any monomial Tw, function f G Hg and x G G we have 

(3.6) {T.u,f){x) = Iws{x) ■ f{{w~^)Gx) 

Proof. Let k be the length of the word w. For k = 1, either w = a or 
w = a~^ with some a G S. If w = a then for / G Hg we have f{a~^x) = 
f{a~^x)Ig{a~^x) = Ias{x)f{a~^x), thus the expressions (13.41) and (|3.6I) are 
equal. If u> = a“^, then, due to the fact that a~^S = S, the formula (13.51) 
implies dMl). 

Suppose (13.61) is proved for k < n and w = vw' is a word in T with the 
length fc +1, where the length of v and w' is 1 and k respectively. First assume 
that V = a G S and denote g = Tyj/ f. Then for any x G G we have 

(T™/)(x) = {TaT^,f){x) = {Tag){x) = 

= 9 {a~^x) = (T„//)(a“^a;) = 

= Iw's{a.~^x)f{{w'~^)Ga~^x) = 

= Iaw's(.x)f{{{aw')~^)GX). 

Now assume that v = a~^ G S~^. Then for any x G G we have 

(T„/)(t) = iT:T^>f){x) = {T:g)ix) = 

= Ig{x)g{ax) = Ig{x){T.u,'f){ax) = Ig{x)E’s{ax)f{{w'~^)Gax) = 

Note that x G S and ax G w'S if and only if a; G a~^w'S. 

= Ia-^w's{x)f{{{a~^w')~^)Gx) = Injs{x) ' f{{w~'^)Gx). 

And the formula (j3.6D follows. □ 
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Lemma 3.2. The C*-algebra C'|(5') is isomorphic to the C*-subalgebra in 
B{L^{G)) generated as a linear space by 

(3.7) EwsL{yj)^Es, w € E, 
and equivalently by 

(3.8) w G E. 

Proof. It follows directly from (13.61) that TyjEs = £'u,sL(u,)gi?5 for every 
w G E. At the same time, EgTEg = TEs for every T € C^(S). Thus, the 
mappingT i-A TEg = EgTEs is a ^-homomorphismfrom Cg{S) to B{Lf{G)), 
and its image is generated exactly by the operators (13.81) . Moreover, this 
mapping is clearly isometric and thus it is an isomorphism. 

To arrive at the second description, one calculates that LgEg = Eg.^sLg 
for every g € G. Thus, 

EwS^{w)g^S ^wSn{{w)G-GS)^{w)G' 

By definition, wS C (w)g 'G S, and (13.81) follows. □ 

For a monomial T^, define its index by (w)g G G. We have indT)D = (w)g^ 
and ind(T„Tu,) = {v)g{w)g- Recall that Ex G B{L‘^{G)) is the operator of 
multiplication by Ix- 

Corollary 3.3. A monomial in Cg{S) is an orthogonal projection if and 
only z/indTu, = e. In this case Tw = E^s- 

Proof. Let Tw be an orthogonal projection. Then {ww)g = {w)g = (ic)g and 
Wq = WG. Hence, {w)g = indT^, = e. 

Suppose that indT^, = e. Then due to Lemma 13.11 T^ = E^s which is an 
orthogonal projection. □ 

Lemma 3.4. Every projection Ex for X € J is contained in Gl{S) and 
equals T^w-^ for some w € E. 

Proof. By Corollary 12.41 X = wS for some w £ F. Due to Corollary 13.31 if 
{w)g = e then E^s G QiS). 

Suppose w is an arbitrary element in E. By Lemma [2.21 wS = ww~^S 
and EwS = E-ww-'^s- Since {ww~^)g = e, by Corollary 13.31 we have that 

Ews=Tww-^ &C*s{S). □ 

Lemma 3.5. There exists a surjective *-homomorphism A: C*(S) —>• Gl{S) 
such that X{vp) = Tp, X{ex) = Ex. It will be called the left regular represen¬ 
tation of G* (S). 

Proof. One can easily verify that the operators Tp and Ex satisfy the equa¬ 
tions dSU cLiid. (j3.2p for cill j) G (S', X ^ ^. The ’iiniv6rs8/lity of impliGS 

the existence of the homomorphism A. □ 
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Denote by Ds{S) the (7*-subalgebra in Cg{S) generated by monomials 
with index equal to e. By Corollary 13.31 and Lemma [3^ Dx(S) is generated 
by projections {Ex\ X ^ J}, and is obviously commutative. 

Lemma 3.6. The algebras D{S) and Ds{S) are isomorphic. 

Proof. The left regular representation restricted to D(S) is surjective. Ap¬ 
plying Lemma 2.20 in |13j and using the independence of constructible right 
ideals in S we obtain injectivity of A|£)(s). □ 

There exists a natural action of the semigroup S on the C'*-algebra Ds{S). 

(3.9) TpiA) = TpAT;, pGS, A € DgiS). 

Using the formula (13.6p . we obtain for A = Ex, X € ff: 

(3.10) TpiEx) = Epx. 

4. The universal and reduced compact quantum semigroups 

Consider the C'*-subalgebra A in C*{S) ®max C*{S) generated by the ele¬ 
ments 

{vp ®Vp, ex ® ex', p & S, X & J}. 

Clearly, these elements satisfy relations (IXTl) . dSJ). The universal property 
of C*{S) implies the existence of a unital =i=-homomorphism : C*{S) —>■ A, 
such that 

A„(vp) = Vp® Vp, Au(ex) = ejc (g) ex- 
The map admits a restriction Au|£)(5) : D{S) —>■ D{S) ®max D[S) which 
is also a unital *-homomorphism. 

The pair Q(S) = (C*(S), Au) is a compact quantum semigroup [1]. We 
call the algebra C*{S) with this structure the universal algebra of functions 
on the compact quantum semigroup Q(5') associated with the semigroup S. 

We recall that a semigroup is called right reversible if every pair of non¬ 
empty left ideals has a non-empty intersection. The following theorem by Ore 
can be found in [^. 

Theorem 4.1. A cancellative semigroup S can be embedded into a group G 
such that G = S~^S if and only if it is right reversible. 

Define a partial order on S': p < q A qp~^ € S, or equivalently if q S 
Sp. Due to the assumption G = S~^S, we obtain by Theorem 14.11 that for 
any p,q € S the left ideals {xp: x G S}, {yq: y G S} have a non-empty 
intersection. Hence S is upwards directed with respect to this partial order. 

Consider the directed system of C^-algebras Ap indexed hy p G S, where 
every Ap = Ds{S). For p,q G S such that p < q we have qp~^ G S and the 
action (13.91) generates a *-homomorphism Tgp-i: Ap -G Aq'. 

Tqp-l{A) = Tqp-lAT*p-i. 
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Clearly, r^p-i = Tqr-^T^p-i ior p < r < q. Let Dg°°\s) denote the C*- 
inductive limit of the directed system {Ap,Tqp-i}. 

Recall the notation q~^ -q X = {q~^x: x G X} C G tor q G S and X G J. 

Lemma 4.2. The C*-algebra Dg°°\S) is isomorphic to 

D = C*{{Eq^u^x -.qGS, XGJ})C B{L\G)). 

Proof. By definition, Ds{S) C B{Hs). Recall that we denote Js : Hs -G 
L'^{G) the canonical imbedding; denote by tt: Ds{S) -g B{L‘^{G)) the lifting 
t:{A) = JsAEs- 

For any p G S, the map 

MA) = L;7TiA)Lp, AgDs{S), 

is a ^-homomorphism <f>p: Ds{S) —>■ D, such that <j)p{Ex) = Ep-i.^x for all 
X Gj. 

Then for p < q and X G we have: 

4^q^qp~^{.Bx^ ^qBqp-^X^q ^q^^ ■iqp~^ Bp-l.x 4^p(.Ex) • 

So the maps (pp agree with Tqp-i. The homomorphisms pp are injective since 
TT is obviously injective and Lp is a unitary operator. It follows that the limit 
map $ = \im. (j)p \ Dg°°\S) -G D is injective. 

To prove surjectivity of $ it suffices to show that for any gi,..., q„ G S, 
Xi,..., X„ G J and Ai,..., A„ G C we have 

% 

Since the system {Ap,Tqp-i} is upwards directed, there exists s G S such 
that q* < s, i = 1, 2,... n, and it implies that sq~^Xi G J and q~^ -q Xi = 
-G (sqf^Xi) G 4>s{Ds{S)). Hence 

^ 4>s{Ds{S)) 
i 

and we obtain 

7A = U PpiDsiS)) 
pes 

Therefore $ is surjective and we get the isomorphism Dg°°\S) = D. □ 

On B{L‘^{G)), we have the adjoint action of G generated by the left regular 
representation: A i— LgAL*. Let us show that D is invariant under this 
action. For g G G 

LgEq-l.cxLg = E(^gq-iy^x- 

Since G = S~^S, we can write gq~^ = with some s,t G S. Then 
s 'G X = s ■ X G J, and E(^gq-iy^x = -£'(t-is)-GX G D. 
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The isomorphism $ defined above allows then to define an action of G on 
D'f°\s): for u G Dg°°\s), g G G we set 

(4.1) r(5f)u = 

{Dg°^\s),G,T) is a (7*-dynamical system, and by definition the pair {^,L) 
is a covariant representation of this system. 

Lemma 4.3. The reduced crossed product Dg°°\s) xir.rG of the commutative 
G*-algebra Dg°°\s) and the group G by the action t, generated by the covari¬ 
ant representation (4), L), is isomorphic to G*({Ex, Lg-. X G g G C?}). 

Proof. The integrated form $ x L of the covariant representation (4), L) is a 
faithful representation of Gc{G, Dg°°\S)) on L'^{G) and can be extended to a 
covariant representation ( 4 ) xL)(g)l on (( 7 ) 017 ^ (G) = L^{GxG). Consider a 
unitary operator W G B[Lf{G)®Lf{G)), given by y) = ^{x, xy) for any 

f G Lf{G) 0 L‘^{G). We claim that W provides unitary equivalence between 
the representations ($ x L) 01 and ($ x L) 0 L. To show this it is sufficient to 
check the equation for the components of the representations on the generators 
of the algebra D'f°\s) and of the group G. Denote = Ex for any 

X G S~^ ■ J and take g,x,y G G. 

W{L^ L){g)W*^{x,y) = {L ® L)[g)W*f,{x,xy) = W*f{g~^x,g~^xy) = 

= ^{ 9 ~^x,y) = {L®l){g)f[x,y), 

TT(4> 0 l){Ex)W*(,{x,y) = (4> 0 l){Ex)W*(,{x,xy) = Ix{x)W*f{x,xy) = 
= Ix{x)f{x,y) = ($ 0 l){Ex) 

Using Lemma A.18 in [1^ one can see that ($ x L)0L is unitarily equivalent 
to the integrated form of the regular representation Ind$, which gives the 
reduced crossed product Dg°°\s) G. Finally, combining this fact with 
unitary equivalence by operator W we deduce that C*({Ex, Eg: X G S~^ ■ 
J^g G G}) is isomorphic to Dg°°\s) Xr,T G. □ 

Theorem 4.4. The algebra Gg{S) is isomorphic to Es{Tr{Dg°^\S)>}r,TG))Es, 
where tt is the isomorphism defined in Lemma \4^ 

Proof. In fact, the algebra A in question is the same as in Lemma |3.21 what 
we will now show. By Lemma H751 Es{'x{Dg°°\s) G))Es is generated as 
a linear space by the operators EsEg-i.^xLa-iLf,Es with q,a,b ^ S, X G J. 
Such an operator can be written in another form, using the fact that LgEx = 
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Eg.^xLg = Eg.^xLgEs foi all ^ G G, X C S, and r ^ -c X r\ S = r for 
r € S, X € J'. Using these identities we obtain: 

EsEq-l.^xLa-^LbEs = Eq-lxLa-lEbsLb = 

Eq—'^xEa — ^-(jbsEa~^Eh Ug —l —— 

Consider the isomorphism in Lemma 13.21 and denote it by di. Then by Lemma 

[321 

Ea-^bsLa-^bEs = 'L(T'a-ib); 

By Lemma [3.41 E^-i y = for some w € E which depends on qX. 

Thus, Eq-ixEa-ibsEa-^bEs G 'I>(G|(«S')). From the other side, 'I'(G|(5')) is 
generated as a G*-algebra by the operators L^-ibEs = 'if{Ta-ib), a,b £ S 
which are contained in A; this shows that A = 'I'(G|(S')), what proves the 
theorem. □ 

Theorem 4.5. There exists a comuUiplication A: Cg{S) ^ Cg{S) 0 Cg{S), 

min 

with whieh Q{S) = (G|(S'), A) is a eompaet quantum semigroup. 

Proof. The map A„ defined at the beginning of the Section 4 is a comulti¬ 
plication on C*{S) and admits a restriction D{S) —>■ D{S) ®max D{S). By 
Lemma (3 ?^ Da(S') is isomorphic to D{S). Hence Ds{S) is endowed with a co- 
multiplication, denote it by A. To see that A induces a limit map on Dg°°\s) 
let us note that A respects the maps Tqp-i. Indeed, for a monomial V £ Ap 
and q > p we have 

ATqp-^(V) = AiTqp-.VT^p.,) = Tqp-.VT;p.,®Tqp-.VT;p., = 

Tqp-^ ® T-gp-l(A(U)) 

On the generators of Tr{Dg°°\s)), obviously A acts as 
MEq-l.cx) = Eq-l.^x 8 > Eq-l.^x 

tor q £ S,X £ J. It follows that A commutes with the action of G on 
Dg°°\s) defined in (|4.1I) . Consequently, A gives rise to a comultiplication 
on Tr{Dg°^\s) »r,T G), which we also denote by A. Due to the fact that 
Es £ Tr{Dg°°\s)), using Lemma [4.41 we obtain the required comultiplication 
A on GI(S'). □ 

Remark 4.6. The bialgebras C*{S) and Cg{S) are co-commutative, as for 
example the group G*-algebra G*(G) of G. But their dual algebras, unlike 
the Fourier-Stieltjes algebra B{G) = G*(G)*, cannot be viewed as function 
algebras on S or even on G. It is possible that </>,?/’€ (G|(S'))* are nonequal 
but have the same values on Ta and T* for all a £ S. 
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More specifically, consider G = Z, S = and (l)k{T) = {TSk,Sk), k G Z. 
Then (j)k(Ta) = (l>k{T*) = (5o(a) for all fc S Z, a S Z+, but (j)kiTaT*) = 
h+ik - a) while So{TaT*) = So(a). 

Remark 4.7. If S is abelian and has a non-empty interior in G = S~^S then 
there exists a natural short exact sequence connecting C|(S') with Gg{G). 

Consider the commutator ideal K in C|(S'), i. e. the ideal generated by 
{[A,B] = AB-BA-. A,B G C|(S')}. Due to Lemmal^ G^{S) = ]i^{ExLg : 

X G J,g G G,X C gS}. Therefore, any generating commutator can be 
written as: 

(4.2) ExLg^EyLg^ - EyLg^ExLg^ = {Exn(giY) - Eyn(g2X))Lgig2- 
In particular, the commutator ideal contains the following operators: 

TaT: - t:t, = EaS - Es, 
t:{Ex - Es)Ta = Ea-ix - Es, 

Ta{Ex - Es)T: = EaX - EaS 

for all a £ S', X e J. Consequently, in the quotient G^{S)/K we have the 
equivalence classes [Ex] = [T^s] for aW X G J and [ExLg] = [EgsLg] for all 
XJ, g GG such that X C gS. Denote Lg = [EgsLg], For all 51,(72 £ G 

EgiEg2 = [EgiS ngig2SLgig2] = Lg^g^, 

and every Lg is unitary since L* = Lg-i. 

Let us show that || YJk=i llc|(S)/R = IIL CfcLgJ|B(L2(G)) for all Ck G 
C, gk G G. Since Eg^sLg^ = Lg^Es, we have 

n 

\\^^^kLg^\\c*(^S)lK < W^^C-hLg^EsWEiL-^iG)) < II || B(L2(G)) • 

k^l 

From the other side, the fact that S has non-empty interior implies that the 
norm of T = X]fc=i is attained on Els- Indeed, for every / £ L'^{G) and 

every e > 0 there is a compact set iL C G such that ||/ — ExfW < e; there 
exists m 9 G G such that gK C S, so that EsEgx = Egx- Set h = Lgf. 

We have Egxh = Lg^Exf), and 

\\Esh-h\\ < \\Esih-EgKh)\\ + \\EsEgKh-h\\ < 2\\h-EgKh\\ = 2\\f-EKf\\ < 2e. 

If / is such that ||/|| = 1 and ||T/|| > ||T|| — e, then ||/i|| = 1, 

||r/i|| = ||Lgr/|| = ||r/||>||T||-e, 

and at the same time \\TEsh — Th\\ < 2||T||e, what implies ||r£l 5 /i|| > ||T|| — 
(I-|-2||T||)e. This proves the statement. 

Thus, we have an isomorphism Gl{S)/K ~ G|(G) and the short exact 
sequence: 

(4.3) 


Gl{S) G|(G) ^ 0. 
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Example 4.8. Let us calculate the algebra C|(K.+ ); we specify that in our 
notation K.+ = [0, +cxd). 

By our assumptions, G = M. Below, denote = Et, t € R. We have 

= {[t, +oo) : t G R+} U {0}, 

and according to Lemma [3.21 

Cg (1^+) — lin {E^Lg t G M_|_, g G M, t ^ g}. 

It is worth noting that 

D{R+) = C*{Et : t G R+) C B{L^{R+)). 

This algebra can be described as the space of functions supported in R+ 
and such that \imt^to-o f{t) exists for every to G (0,+oo] and /(to) = 
limt_).i(,+o/(t) for every to G [0,+oo). This is the uniform closure of the al¬ 
gebra of piecewise continuous functions, and is sometimes called by the same 
name. 

The short exact sequence (14.31) in this case is written as 
O^K ^ C'I(R-h) C'I(R) ^ 0. 

By (14.2L the commutator ideal K in G|(]R+) has the following form: 

K = lin {E[a-b)Lg : a,b G R+, 5 G R, 6 > a > g}. 

5. The semigroup von Neumann algebra 

In the case when S has a non-empty interior (this does not hold automati¬ 
cally, see m), the bialgebra structure can be extended to the weak closure of 
Cg{S) in B{E[s). This closure will be denoted VN{S) and termed the semi¬ 
group von Neumann algebra. Moreover, A admits a family of “multiplicative 
partial isometries”, which play a role analogous to that of a multiplicative 
unitary of a locally compact quantum group. 

For d G S, denote Sd = {{a,b) G S x S : da~^b G S'}, Id = Is^, I'd = 
Iia,b):ad-HGS, and Hd = Id ' L‘^{s X S). 

Lemma 5.1. Let K G S x S be a compact set. There is d G S such that 
K c Sd- 

Proof. Set L = {a~^b : a, b G K} C G. This is a compact set. Let U be 
an open neighbourhood of identity and c G S such that cU C S. There are 
G G, fc = 1,..., n such that L C 

There is d G S such that dgkC~^ G S for all k: to see this, represent gk as 
gk = Skt^jl^ with Sk,tk G S; since S is a reversible semigroup, Ssk H Sctk 0 
for every k, so we can pick dk G S such that dkSkt^^c~^ = dkgkC~^ G S. 
Next pick d G S such that dk < d for all k. Then we have dd^^ G S, and 
dgkc~^ = dd^^dkgkc~^ G S. 
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It follows that 

dL C d LIgkU = UdgkC~^cU C LldgkC~^S C S', 

k k k 

what implies K d Sd- D 

Lemma 5.2. L^(S x S) = [Ud^sHd]- 

Proof. It follows from Lemma [ST] that Ik G LidesHd for every compact set 
K C S X S. This implies the statement immediately. □ 

Define now the following family of operators Wd, d € S, on L^(S x S): 
set (Wd^){a,b) = ^{a,da~^b) for every ^ G L^(S x S). Then {W^^){a,b) = 
^{a,ad-^b), and WdW^ = Id, W^Wd = I'd- 
We claim that 

A{T)Wd = Wd{T<^l) 

for all T G Cg{S). For T = one verifies directly: for every a,b G S, 
e G L2(5- X S) 

{A{T,)Wdi){,a,h) = {{T,®T,)Wdi){,a,h) = {Wd^){c-^a,c-^b) 

= ^(c“^a, da~^b), 

{Wd{Tc®l)^){a,b) = {{Tc^l)f,){a,da~^b) = ^{c~^a,da~^b). 

A similar calculation shows that the formula ([5]) is valid also for T = T* with 
c G S. Since both sides of ([5]) are norm continuous homomorphisms, it follows 
that IS]) holds for all T G C| (S). 

As a consequence, Hd (being the range of Wd) is invariant under A(T) for 
every T G C|(S), d £ S. The identity A{T)Id = WdiT ® 1)IF^ shows that 
A{-)Id is ultraweakly continuous for every d, and as such admits an extension 
by continuity from Cg{S) to its weak closure in B{Hs), which we denote by 
VN(S) and call the semigroup von Neumann algebra of S. By Lemma l5.21 we 
have A(T) = linid^s A{T)Id (strongly) for every T. It follows (immediately 
by definition, since the net (Id) is increasing) that A is normal. 

The reasoning above results in the following 

Theorem 5.3. VN(S) is a quantum semigroup with the comultiplication ex¬ 
tended from Cg(S). 
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